Let O be the Q-algebra of Cayley's octonions, with basis {1, e 1 , e 2 , . . . , e 7 } and multiplication rules:
(e i e i+1 )e i+3 = e i (e i+1 e i+3 ) = −1 all i (mod 7).
Coxeter discovered a maximal order R in O, which is unique up to the action of Aut(O), with the property that R/pR is an octonion algebra over Z/pZ for all primes p. We review the construction of the order R, and some of its properties, in §1.
In §2, we let K be an imaginary quadratic field, with ring of integers A and discriminant D. We count the number of ring embeddings of A into R, using the L-function L(ε, s) of the quadratic Dirichlet character ε : (Z/DZ) * −→{±1} associated to K.
Theorem 1. The number of embeddings of A into R is −252 · L(ε, −2).
We give two different proofs of this result. The first uses theta series and Eisenstein series of half-integral weight. The second uses the theory of Tamagawa measures, as developed by Siegel and Weil. From the formula in Theorem 1, it follows that the number of embeddings of A into R lies between 3 · |D| 5/2 and 5 · |D| 5/2 . In §3 we let K be a definite quaternion algebra over Q, and let A be a maximal order in K. Let S be the finite set of primes which ramify in K; thus p ∈ S if and only if K ⊗ Q p is a division algebra over Q p . Using the theory of Tamagawa measures, we will prove the following.
Theorem 2. The number of embeddings of
Our interest in octonions dates from a lecture that Serre gave at Harvard on the subject, in the fall of 1990. The embedding problems which we study are generalizations of the results of Hasse and Eichler (cf. [14, p. 92ff .]) on the embeddings of rings of integers in imaginary quadratic fields into certain orders in rational quaternion algebras. Since Olga loved the arithmetic of quaternion algebras, we felt it was appropriate to dedicate this paper to her memory.
Coxeter's order R.
Let M be the Z-order in O spanned by 1 and the e i . Then R/M (Z/2Z) 4 , and a basis for R/M is given by [6] , [4, p. 14 (e 1 + e 2 + e 3 + e 5 ).
The anti-involution x → x of O, defined by 1 = 1 and e i = −e i , stabilizes the order R. The linear map Tr(x) = x + x and the quadratic form N(x) = x · x = x · x both take integral values on R, and any x in R satisfies a monic quadratic polynomial over Z:
The bilinear form x, y = Tr(xy) is symmetric, even, and positive definite on R. It is also unimodular, so the inner product space (R, , ) over Z is isomorphic to the E 8 -root lattice.
The group Γ = Aut(R) is finite, of order 12096 = 2 6 · 3 3 · 7, and is isomorphic to Aut(R/2R) = G 2 (Z/2Z) under reduction mod 2 [4, p. 14].
Imaginary quadratic fields.
Let K be an imaginary quadratic field, of discriminant D < 0. Let A be the ring of integers of K; then
is absolutely convergent for Re(s) > 1, and extends to an entire function in s, taking rational values at negative integers (cf. [3] ). The function Λ(s) = π Let #(A−→R) denote the number of ring embeddings of A into R. We will give two proofs of the formula of Theorem 1:
The first is based on (2.1). To give an embedding f : A−→R we must specify an x (= √ D) in R which satisfies:
Let L be the subgroup of elements x in Z + 2R which satisfy Tr(x) = 0. We then have
The number on the right of (2.5) is the coefficient of q |D| in the theta function of (L, , ).
Since (R, , ) is isomorphic to the E 8 -root lattice, we can identify the lattice L. It is even, of rank 7 and determinant 2 13 , and has index 2 6 in the
is a modular form of weight 7 2 for the group Γ 0 (4). Since a n = 0 unless n ≡ 0, 3 (mod 4), Θ L lies in Kohnen's subspace [11] . (More generally, if M is any even lattice of rank n and discriminant 2 then n ≡ ±1 mod 8 and the theta series of 2M * lies in Kohnen's space of modular forms of weight n/2 [8] .) For weight 7 2 , Kohnen's subspace is one-dimensional, and spanned by the Eisenstein series H 3 introduced by Cohen [3, p. 273] . Since a 0 = 1 for Θ L , a comparison of Fourier coefficients yields:
This completes the first proof of (2.3).
The second proof is based on the fact that the Q-algebra embeddings K−→O are permuted transitively by the group G = Aut(O), and the stabilizer of a fixed embedding is the subgroup H SU (K ⊥ ) [10, §3] . The group G is an inner twisting of the split group of type G 2 over Q, and H is an inner twisting of the quasi-split group SU 3 (K). 
with dy = dg/dh. Indeed, both G and H are simply-connected, so have Tamagawa numbers equal to 1 ( [15] ), and by [9] :
so there is only one class.
We calculate the right hand side of (2.9) by first writing dy = dy v , then calculating the local integrals. To obtain a decomposition dg = dg v and dh = dh v of Tamagawa measures, we fix models of G and H over Z, given by the maximal orders R and A. Then G has good reduction at all primes p, and H has good reduction at all p |D. The base change H/A is isomorphic to SL 3 . Let ω G and ω H be generators of the invariant differential forms of top degree on G and H over Z. These are determined up to sign, and we define [15, Ch. II]:
Then we have 
. 
G(R)/H(R)
The first identity is due to Euler, and the second follows from the functional equation of L(ε, s). Combining (2.9) with (2.12, 2.13), we obtain (2.3).
To estimate #(A−→R) it is better not to invoke the functional equation of L(ε, s), and to use the formula
with ε(p n ) = ±1 ≤ 1. Hence the p term in the product is bounded above by
and
But we also have
for all p |D. Hence
This gives the upper and lower bounds:
which imply the slightly cruder estimates:
Taking s = 3 in (2.15), and using (2.14), we find 126 
where
)(x − 1) is the third Bernoulli polynomial. In seven cases, namely −D = 3, 4, 7, 8, 11, 15, 23, the number of embeddings divides the order 12096 = 2 6 · 3 3 · 7 of the finite group Γ = Aut(R); it turns out that in each of these cases, Γ acts transitively on the embeddings. In particular for D = −23 the action is transitive and free, as we show later, at the end of §3. 
Definite quaternion algebras.
Now let K be a definite quaternion algebra over Q, and let A be a maximal order in K. Let S be the set of primes which ramify in K, and put D = where dg = dg v as in §2 and dh is Tamagawa measure on H(A).
We obtain a local decomposition for dh by choosing a model for H over Z (with good reduction at all primes p |D) corresponding to the order A: H(Z) = A * N=1 . Let ω H be a generator of the invariant differentials of top degree on H over Z, and define
If p|D we have
Over R, we find (cf. [9] , [14, p. 54 
]).

G(R)/H(R)
as claimed in Theorem 2.
We illustrate Theorem 2 in a few special cases, using the results of Theorem 1. From Table 2 .18 we find that the number of x = i in R with i 2 = −1 is 126, and the number of x = ρ in R with ρ 3 = 1 but ρ = 1 is 56. For a fixed i and given a ∈ {−1, 0, 1} we want to count the number N i (a) of ρ with i, ρ = a. To do this we recall (see e.g. [1, Ch. V]) that the only invariants in degree < 6 of the Weyl group of the E 7 lattice are powers of the norm. It follows that if P is any homogeneous polynomial of degree < 6 on E 7 ⊗ R whose average on the unit sphere vanishes then ρ P (ρ) = 0. Taking 3 . It is isomorphic to the lattice associated with the Klein quartic (as described explicitly by Serre, see [12, When D = 2, 3 the finite group Aut(R) acts freely on the embeddings of the maximal order A into R. Since this finite group has order 12096 = 24 · 504, we obtain the formula:
In particular, when D = 5 there is a single orbit of embeddings, and when D = 7 there are two orbits. When D = 2 (resp. D = 3) there is a single orbit, with stabilizer a quaternion group of order 8 (resp. a cyclic group of order 3).
We can now also show that Γ = Aut(R) acts simply transitively on the embeddings into R of the quadratic order of discriminant −23. Since the number of such embeddings equals #Γ it is enough to show that any embedding has trivial stabilizer. If some stabilizer were nontrivial, it would contain an element of Γ of order 2, 3, or 7. But the fixed subrings of these automorphisms are quaternion algebras with D = 2, 3 and quadratic orders with D = −3, −7, and none of these contains an element of discriminant −23. Similar considerations also yield the transitivity of Γ on embeddings of the quadratic orders of the six remaining discriminants −3, −4, −7, −8, −11, −15 for which the number of embeddings, as given in Theorem 1 and tabulated in Table 2 .18, divides 12096 = #Γ.
Non-maximal orders.
The second proof of Theorem 1, using Tamagawa measures and the group G = Aut(O), generalized to quaternion algebras. But the first proof, using the results of Kohnen and Cohen on forms of weight Can one also obtain these results on non-maximal orders by the method of Tamagawa measures, and generalize them to non-maximal orders in definite quaternion algebras?
